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A Study for Robustness of Objective Function and Constraints
in Robust Design Optimization
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Since randomness and uncertainties of design parameters are inherent, the robust design has
gained an ever increasing importance in mechanical engineering. The robustness is assessed by
the measure of performance variability around mean value, which is called as standard devia-
tion. Hence, constraints in robust optimization problem can be approached as probability con-
straints in reliability based optimization. Then, the FOSM (first order second moment) method
or the AFOSM (advanced first order second moment) method can be used to calculate the mean
values and the standard deviations of functions describing constraints and object. Among two
methods, AFOSM method has some advantage over FOSM method in evaluation of probability.
Nevertheless, it is difficult to obtain the mean value and the standard deviation of objective
function using AFOSM method, because it requires that the mean value of function is always
positive. This paper presented a special technique to overcome this weakness of AFOSM
method. The mean value and the standard deviation of objective function by the proposed
method are reliable as shown in examples compared with results by FOSM method.
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such as geometrical dimensions and material pro-

1. Introduction perties, may be subjected to random fluctuations

around nominal values and thus give rise to per-

To survive an increasingly global and competi- formance variability. Therefore, randomness must

tive market, design for improving product perfor- be included for reasonable design.

mance and reducing cost is very important. Under
this goal, there were many researches on optimal
designs, but they are mainly interest in determin-
istic optimal design that only treats nominal val-
ues of parameters without considering uncertain-
ty. In engineering problems, randomness and un-
certainties of design parameters are inherent. Ac-
tually, applied loads and structural parameters,
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The robust design aims to reduce the variabili-
ty of mechanical performance caused by random-
ness of design parameters. The concept of robust
design was firstly proposed by Taguchi, who use
the design of experiments, and effectiveness for
design improvement has been proved (Taguchi,
1987 ; Phadke, 1989). Though robust design rely-
ing on the design of experiments has been preva-
lent in the design of industrial products or pro-
cess, it is restricted in its application as it requires
planned experimentation and finite discrete vari-
ables. To overcome these limitations, several tech-
niques for robust design were suggested, which
define randomness of parameters as mean values
and standard deviations. The simple method that
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calculates the mean value and the standard devi-
ation of system response function is Monte Carlo
simulation. However, since the Monte Carlo simu-
lation needs excessive computation times, approxi-
mation methods have been developed. Ramakrishnan
and Rao (1996) used second order Taylor’s series
approximation around mean values of random
parameters to obtain mean values and the stand-
ard deviations of an objective function and con-
straint functions. Appling these approximations,
the robust design optimization was transformed
into a deterministic optimization problem. Then,
the mean value of objective function was treated
as a constraint. Lee and Park (2001) changed the
robust design into the deterministic optimal de-
sign with multi-objective function, which was
described as the mean value and the standard
deviation of original objective function with ro-
bustness. In this study, the mean value and the
standard deviation of a function were approxi-
mately obtained from its sensitivity at current de-
sign points and the weighting factor was intro-
duced to solve a multi-objective function. Doltsinis
and Kang (2004) also formulated robust design
as a multi-objective optimal design and con-
straints with robustness were replaced with gen-
eral constraints that add prescribed feasibility
index times the standard deviations to the mean
values of functions describing constraints of the
robust design.

As an optimal design problem considering ran-
domness or uncertainty, there is RBDO (Relia-
bility Based Design Optimization). In the RBDO,
probability constraints instead of constraints with
robustness are defined. However, it is impossible
to calculate reliability by carrying out multi-di-
mensional integration analytically and it is very
costly to perform numerical calculation. Hence,
second moment methods has been applied to
calculate reliability in the RBDO. The second
moment methods can be classified into two major
categories such as FOSM method and AFOSM
method. For the FOSM method, the mean value
and the standard deviation of a function are eval-
uated from linearized function at the mean val-
ues of random parameters. The AFOSM method
firstly calculates the reliability index that is the
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ratio of mean value to standard deviation. In
this method, reliability index is defined as a mini-
mum distance to a failure region (Ang and Tang,
1984). The FOSM method has been usually used
to evaluate reliabilities in much literature for the
RBDO, but the FOSM method may yield quite
different results when failure functions with same
meaning are differently described. To solve these
problems, Lee and Kwak (1987-1988a; 1987b)
used AFOSM method for evaluation of probabil-
ity.

Even though robust design optimization is dif-
ferent from the RBDO in original formulation,
the transformed deterministic optimization prob-
lems are the same if functions with robustness are
replaced with mean values and standard devia-
tions of functions. Under this fact, Jung and Lee
(2000) treated robust design optimization as a
RBDO and obtained optimal results using AFOSM
method. They changed objective function of ro-
bust design into a probability constraint, but the
transformed problem was different from existing
robust design problem. Anyway, if the FOSM
method or the AFOSM method is used to calcu-
late a probability, the robust design optimization
can be approached by the RBDO technique. To
show this, evaluation of mean value and standard
deviation by FOSM method and AFOSM method
will be discussed and an adequate method for ro-
bust design optimization will be proposed in this

paper.

2. Robust Design Optimization
and RBDO

2.1 Robust design optimization
General optimization problem is written by

Find x
Minimizing J (x, 2) (1)
Subject to  G:(x,2) =0

=12, m

In above, J(x,2z) is an objective function and
G:(x,z) =0 is an inequality constraint. x is a
controllable design variable vector and z is an
uncontrollable design parameter vector, which is
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Fig. 1 Concepts of robustness and reliability

a constant vector for the deterministic optimal
design. Equality constraints must be included in
the problem (1), but these are omitted for conve-
nience.

For an optimal design with random parame-
ters, we must consider robustness of objective func-
tion and constraints. The robustness is assessed
by the measure of performance variability around
mean value, most often its standard deviation,
where reliability is based on the probability of
failure occurrence as shown in Fig. 1. Introducing
mean values and standard deviations to explain
robustness, robust design optimization can be for-
mulated as follows ;

Find x

Minimizing { E (J (x,2)),0(J (x,2))} (2)

Subject to E(G:(x,2)) —7:0(Gi(x,2)) =0
i=1,2,,m

Here £ (+) and o(+) stand for mean values and
standard deviations. The quantity y; >0 is a pre-
scribed feasibility index for ;-th constraint in the
robust design optimization (1). Notice that E (x)
and o(x) instead of a design variables vector x
must be determined. In problem (2), inequality
constraints can be expressed by the following in-
equality constraints.

E(Gi(x,2)
S (Cilra) 2 3)

22 RBDO
RBDO can generally be described as the fol-
lowing problem with probability constraints.
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Find x

Minimizing {E(J (x,2)), 6(J(x,2))}  (4)

Subject to Py [ Gi(x,2) <0] <p;
i=1,2,-,m

In above, Pr[+] means a probability and p; is
an admissible failure probability. The event or
state satisfying G;(x,z) <0 is called as a failure
state. As a reference, the deterministic optimal
design must satisfy constraint G;(x,z) =0. The
RBDO is equal to robust design optimization in
definition of objective function, but differs from
the latter because of probability constraints.

The evaluation of probability constraint requires
a reliability analysis where multiple integration
for failure region G;(x,z) <0 is involved. To
avoid this difficulty, the approximate methods
such as FOSM method or AFOSM method has
been developed to provide efficient solutions un-
der assumption of Gaussian probability distribu-
tions. Then, the ratio of mean value to standard
deviation has an important meaning in describing
failure probability, which is particularly called as
reliability index in RBDO. The reliability index
[: is defined as

(5)

The reliability indices, the mean values and the
standard deviations calculated by two methods
may be different from each other for same failure
functions. By the way, if the mean value and the
standard deviation of G;(+) are expressed as
E(G:i(x,2)) and 6(G:(x,2)), a probability con-
straint is transformed into the following inequali-
ty.

=07 (1—p:) (6)

@ () stands for cumulative standard Gaussian
distribution function.

As a conclusion, if prescribed feasibility index
y; is considered as @ '(1—p,) that is an ad-
missible reliability index, transformed probability
constraint (6) is the same as constraint (3) of ro-
bust design optimization. Hence, it can be stated
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that the robust design optimization is a sort of
the RBDO.

2.2.1 Transformation of probability con-
straint by FOSM Method

FOSM method calculates the mean value and
the standard deviation of a function using the
linearized function that is approximately expand-
ed by first order Taylor’s series around mean
value of random parameters. For convenience, a
normalized random variable vector y with the
mean value of 0 and the standard deviation of 1 is
introduced. The normalized random variable vec-
tor y has following relations for design variable
vector x and design parameter vector z.

_ xk_E<xk)
Yr U(X}z)
(7)
_ ze—E (z1)
I 6 (z)

The mean value and the standard deviation of
a failure function for normalized random para-
meter vector y are derived as follows ;

E(G:)=G:(0)
0) \2 (8)
0(G) =/ 5( 25 )

When Eq. (6) is replaced with Eq. (8), the final
RBDO problem is the same as transformed robust
design optimization suggested by many research-
ers. If Taylor’s series expansion including second
order derivative is used (Ramakrishnan and Rao,
1996), mean value and standard deviation are

written by
E(G)=Gi(0) +5 B(ICe)
©)
06 =/ 2(250)

2.2.2 Transformation of probability con-
straint by AFOSM method
Calculating the mean value and the standard
deviation by FOSM, a significant error can be in-
troduced by neglecting high order terms of non-
linear failure function. Hence, AFOSM method
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Fig. 2 Reliability index by AFOSM method

was proposed to improve results of reliability. In
the AFOSM method, reliability index is directly
obtained by calculating minimum distance from
origin to failure region in y-space, as shown in
Fig. 2. This optimization problem is called as a
subproblem in this paper. Using this definition, a
probability constraint is transformed as follows :

BE=v: yi=07(1—py) (10)
B¥=Min [ y| (11)
ye;
where

Qi:{yl G:(y) SO}

Here the reliability index ;7 has the same mean-
ing as the reliability index [; defined in previous
section, even though other notation is used to
distinguish the former from the latter.

After solving a subproblem (11) and getting
optimal solution y*, the mean value and the stand-
ard deviation of G;(y) can be evaluated from
linearized function around y*, The final results
are as follows ;

B =—5 9y
: (12)
o(Gily) =\ T 5

2.2.3 Mean value and standard deviation of
objective function

In case of FOSM method, the mean value and

standard deviation of an objective function are
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simply evaluated if failure function G;(+) in
Eq. (8) is replaced with objective function J ().

Namely,
E(])=7(0)
2 (13)
o~/ 2(%)

It is difficult to calculate the mean value and
the standard deviation of the objective function
by AFOSM method, because the mean value of a
function must always be larger than 0. If this con-
dition is not satisfied, AFOSM method can not be
used to calculate a reliability index. Hence, add-
ing arbitrary constant to objective function, new
function F'(+) that has E(F(y)) >0 are intro-
duced.

Fy)=](y) +c (14)

The mean value and the standard deviation of a
function F(+) have a following relation to an
objective function J (y).

E(F(y)=E( () +c
o(F(y)=c(J ()

Hence, F'(+) can be used to evaluate £ (J) and
o(J). Firstly, let’s consider the following sub-
problem (16).

(15)

BE=Min | y| (16)
yE;
where

Qi={y|F:(y) <0}

After the solution of the above optimization is
obtained, the mean value and the standard devia-
tion of J (y) can be derived from Eq. (15).

L 0F;

EJ0)=-39

yi+c
(17)

Introducing arbitrary constant ¢, the mean
value and the standard deviation of an objec-
tive function J (+) can be calculated by AFOSM
method without difficulty. Except linear objective
function of y, the mean value and the standard
deviation of J(+) can be different according to
the variation of ¢ values. Hence, it is very impor-

tant for proposed method to determine constant
c well.

3. Comparison Between
AFOSM Method
and FOSM Method

If probability constraints are transformed into
deterministic constraints by FOSM method or
AFOSM method, it was shown that the RBDO
is equivalent to the robust design optimization.
However, the mean value and the standard devia-
tion of a function obtained by each method may
be different and final optimal results may not be
the same. In order to find adequate method for
robust design optimization, two examples for pro-
bability constraint and objective function were
treated.

{Example 1)
bustness

constraint 1—x2/x,>0 with ro-

Design variables x; and x» are random vari-
ables with Gaussian probability distribution. The
mean values of these variables are positive and
the standard deviations are comparatively small.
In other words, Pr[x:<0] and P»[x,<0] is near-
ly negligible. The random variables in mechani-
cal engineering almost satisfy this condition. Then,
Prx1—x2<0] and Pr[1—x,/x:<0] are mathema-
tically different, but practically have same mean-
ing in engineering view point.

Since the failure function is linear in case of
P, [x1—x2<0], reliability indiex by AFOSM method
is equal to the following result that calculated by
FOSM method.

E (JC1> — Xz)

(o 0o F (0(x9)) s

gr=

For Pr[1—x./x1<0], the mean value and the
standard deviation by FOSM method are written
by

e e
_ X2 olx))” | (o(xe
"(GW‘/ E) T (Em)?
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Notice that failure probabilities are generally less
than 50% and they may be 1-5% in real design.
Thus, E(x1) = E (x2) >0 is always satisfied and
the reliability index is finally derived as

E (x1) —E (x2)
JOES g0 Vot ot

As a reference, Ramakrishnan and Rao (1996)

Br= (20)

obtained the mean value and the standard devia-
tion from second order Taylor series expansion as
follows ;

(E() (00", (o()?
o(Gte) =B (g o
Er) ~E(x) + 222

,Ew T Ew G e

J(EE ) ot

On the other hand, to evaluate the mean value
and the standard deviation of 1—xz/x; by AFSOM
method, subproblem (11) must be solved. At op-

timal solution x*, the following equality must be

satisfied.
x*
G(x*)=1—"2-=0 (22)
X1
If Eq. (22) is expressed by normalized random

variables, it means that

E(x2) +350(x2) =E (x1) + v 0 (x1)

From this relation and Kuhn Tucker necessary
condition, the optimal solutions yi and y; are
calculated as

yl*E_ B*G(xl>
V(o) + (0 (x2))? (23)
yZ*E_ ,6”0‘(962)
V(o(x)*+ (0(x2))?
and the reliability index is obtained as follows ;
*_ E<x1> _E(X2>
e o)+ (olw)? 2

Finally, the mean value and the standard devia-
tion of failure function are evaluated as

E<X1)
E(.XI) +y1 o X1>

(
V(0(x1)?+ (0(x2))?
E(x1) +y1 <X1)

—F <X2>

E(G(x))=

o(Gx))=

The reliability index (24) by AFOSM method dif-
fers from reliability index (20) by FOSM method,
but is the same as Eq. (18). As a conclusion, though
failure functions with same meaning are differ-
ently described, the same reliability indices are
always obtained by AFOSM method. Hence, con-
straint function in robust design optimization
must be approached by AFOSM method.

{Example 2) objective function zx1v/1+x3 with
robustness

The objective function of 2-bar robust design
(Ramakrishnan and Rao, 1996) is considered as
an example.

=zx1y/ 1+ % (26)

x1 and x2 are controllable random variables and
z1 with E(z)=1.0 and 0(2)
trollable random parameter. E (x1), E (x2), o (x1)
and o (x2) are design variables in transformed ro-

J(x,2)

=0.5/3 is uncon-

bust design optimization problem. E (x;) =2.05,
E (x2) =1.30, ¢°(x1) =4.6694e-5 and o*(x,) =
1.87783e-5 were given as initial design values.
Using the technique suggested in this paper, E
(J) and ¢(J) of the objective function (26) were
calculated and compared with results by FOSM
method.

If the mean value and the standard deviation of
non-linear objective function are calculated by
AFOSM method, the good determination of con-
stant ¢ is very important. In order to see the
variations of mean value and standard deviation
for changes of ¢, four cases are selected.

Case 1: ¢=0

Case 2: c=—(E(J)—30(]))
Case 3: c=—(E(J) —20(]))
Case 4: c=—(E(J)—ao(]))

In the proposed AFOSM method, E(J) and o(J)
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Table 1 Results by FOSM method and AFOSM

method
E(]) o) |EWU)/a(])
r:g}sllc:/c[l 3.362250e0 | 5.75805e-2 | 5.839216el
Results by
Reference | 3.362252e0 | 5.75805e-2 | 5.839220el
(1996)
Case 1 3.362759¢0 | 5.60471e-2 | 5.999880el
Case 2 3.361818e0 | 5.72899e-2 | 5.868081el
Case 3 3.362055e0 | 5.73847e-2 | 5.858800el
Case 4 3.362201e0 | 5.74815e-2 | 5.849188el

are evaluated after defining constant c¢. Hence,
as it is impossible to know E(J) and o(J) pre-
viously, the mean value and standard deviation
by FOSM method are used in this example. The
results for all cases are shown in Table 1.

Each case was classified according to degree
that mean value E (F) of new objective function
F(+) is how far from 0. Since ¢(J) is always
positive and E (J) is positive, the E(F) for case
1 has the largest positive value. Of course, the
E(F) for case 4 is near to 0. If E(F) is nearly
0, E(J) and ¢(J) obtained by AFOSM method
converge into results by FOSM method. Except
case 1 where E (F) is farthest from 0, the errors
of E(J) and ¢(J) are about 0.013% and 0.49%
compared with results by FOSM method. From
these results, it can be stated that proposed meth-
od is suitable to calculate the mean value and the
standard deviation of objective function.

Though arbitrary constant ¢ is added to the
objective function, the mean values and the stand-
ard deviations by FOSM method are always the
same. Hence, FOSM method may be better than
AFOSM method. However, when FOSM method
is used, different results for various functions with
same meaning can be obtained. In addition to, if
¢ is well determined between — (E(J) —o(J))
and —(E(J)—30(J)), the proposed AFOSM
method can be applied to objective function. Un-
der this condition, AFOSM method is recommend-
ed to evaluate the mean values and the standard
deviations of all functions in robust design opti-
mization.
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4. Conclusion

The original form of RBDO is different from
the form of robust design optimization, but trans-
formed deterministic optimization problems are
finally the same. Namely, if the mean values and
the standard deviations of functions with ran-
domness are obtained by second moment methods,
a robust design optimization can be considered as
a sort of RBDO. Then, it is assumed that random
parameters have Gaussian probability distribu-
tions and functions are nearly linear functions for
random parameters because of small standard de-
viation. Based on this fact, robustness can be ap-
proached as probability condition.

The FOSM method has generally been used in
robust design optimization. This method may be
better than AFOSM method, because it is diffi-
cult to calculate the mean value and the standard
deviation of an objective function by the latter.
However, if FOSM method is used to solve a ro-
bust design optimization problem, its sensitivity
formula in optimization process require second
order derivatives and it is not desirable. More-
over, FOSM method may yield quite different re-
sults when same state is formulated differently.

In general, the evaluation of probability by
AFOSM method is relatively efficient and has some
advantage over FOSM method. Hence, AFOSM
method must be used to calculate the mean values
and the standard deviations of all functions if
possible. To achieve this goal, a special technique
was presented in this paper. The mean values and
the standard deviations of constraints and an ob-
jective function by AFOSM method were com-
pared with results calculated by FOSM method.
As shown in example 1, AFOSM method has su-
periority over FOSM method in case of probabil-
ity constraints. Though the mean value and the
standard deviation of an objective function were
changed according to arbitrary constant ¢ that
is introduced to transform the objective function
J (v) into the new function F (y), reliable results
can be obtained by the proposed method if ¢ is
adequately determined. Consequently, the robust
design optimization can be approached as the
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RBDO and this RBDO can be solved using the
proposed AFOSM method.
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